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Abstract-This paper develops a methodological framework for designing and evaluating 
an emergency stock system aimed at supplying the needs of the population in the event that 
an emergency situation (drought, war, embargo) will not allow the regular flow of supply. 
The functioning of the emergency stock system is described as a stochastic process, assumed 
td be a Markov process and the stock size and storage rules are the control variables. The 
main performance criterion is the costs of attaining a certain level of reliability which is 
deemed necessary by the policy maker, where the system’s reliability is defined as the 
probability that in all possible emergency situations, the amount in storage will suffice to 
meet the demand. 
The paper develops a methodological framework for designing and evaluating the per- 
formance of an emergency stock system. The objective of this system is to meet situations 
in which the regular sources of supply dry out due to severe drought or a strategic emergency 
situation, such as war or embargo, when it is not physically possible to produce or import 
the product in sufficient quantities to meet demand. The functioning of the emergency stock 
system is described as a stochastic process, assumed to be a Markov process, and the 
probabilities and durations of different situations are expressed in terms of the Markov 
process transition rates. The stock sizes and the storage rules are the policy variables, and 
the objective of the system is to minimize the level of insecurity defined as the probability 
that in an emergency situation the stock system will not suffice to meet the demand so that 
an extreme shortage may develop. Alternatively, the objective can be viewed as minimizing 
the costs of operating a system that can guarantee that the level of insecurity will not be higher 
than a predetermined level. 
Examples for emergency stock systems are the stocks of oil, grain and staple foods that 
has been built in recent years in many countries as a result of the oil embargo in 1973 and 
the wide price gyrations of primary products during the 1970s. With the rising interest in the 
subject, several modelling efforts have been made in recent years for the design of operation 
of an emergency stock system. Nichols and Zeckhauser [5] and Balas [l] have considered the 
case of an oil embargo. Emergency stocks are built both to meet demand in an event of an 
emergency situation and to reduce the motivation of the oil-producing nations to use the 
embargo weapon by reducing its expected damage. The mode1 developed in this study 
emphasizes the stochastic nature of the different state variables of the system, including the 
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probability that an emergency will occur, the expected duration of an emergency, the 
consumption rate and the rate at which stocks can be replenished to their desired level after 
an emergency. 
1. THE ANALYTICAL FRAMEWORK 
We define the following strategic states: 
“Peaceful” state during which there are no restrictions on purchases or delivery of the commodity, and 
“Emergency” state during which all supply sources other than the emergency stocks are blocked’. 
During the peaceful state the target stock size is determined, orders are issued, and the 
shipments can arrive freely. The arrival rate is constrained by the capacity of the port and 
transportation facilities, and these are subject to random disturbances. In the event of an 
emergency, the commodity is released from storage to meet consumers’ demand. The flow 
of consumers’ orders during an emergency situation may also be subject to random 
disturbances. The dynamics of the system is assumed to be represented by a Markov process 
with discrete states and continuous time. Future transitions of the system from one state to 
another, therefore, depend only on its current state and are independent of its past history 
to that moment’. When the system enters into state x, it will remain in that state for a random 
time rXy until it switches to another state y. This holding time, rXy, is distributed exponentially 
since the flow of transitions between any two states x and y in a Markov process is a Poisson 
process. The parameters 2, defined for each pair of states x and y give a complete description 
of the Markov chain. Following these assumptions, 
P {z, > t} = e-"ry' 
where P is a probability statement. The expected holding time is then 
A state of the system would be defined by the pair (g), where i is the strategic state and 
Q the amount of the product in stocks. The strategic state can be either peaceful or 
emergency. In the peaceful situation two organizational states are defined. One is a 
reorganizational state following an emergency during which the authorities make arrange- 
ments to resume shipments (i.e., to resume production or place orders for the product abroad) 
and the other is the normal state during which the deliveries can be denoted as follows: 
i = &post-emergency organizational state, 
i = l-normal state, 
i = 24mergency state. 
The state parameter Q, lies within the range 0 5 Q 5 S is the target stock size. Both Q and 
S are defined in terms months of ordinary consumption and assume discrete values only. 
The transition rates for the process are specified by the following parameters: 
1 
--the expected duration of the peaceful state, 
E 
I 
- expected duration of the state of emergency, 
a 
1 
-expected duration of the post-emergency reorganizational state, i.e., the time between the moment 
00 
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the system enters a peaceful state and the moment the first shipment arrives, 
a,aelivery rate, e.g., the expected number of deliveries made per month, 
D--consumption rate, i.e., the expected volume of monthly consumption. 
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The Markov process transition rates are arranged in a matrix shown in Fig. 1. 
The matrix T consists of 3 x 3 partitions. Each partition c, corresponds to the rates of 
transitions from state i to partitions are S S matrices, S the target stock 
in months of ordinary consumption. The of a 
the rates transitions from state (y) state The details the different 
partitions are as 
Partition To, the from the 
j = 3 j = 1 j = 2 
.-. 
Fig. 1. The transition rate matrix. 
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Partitions To2 and T12 contain the rates of transitions from a peaceful to an emergency 
state. During this transition there is no change in the amount in stocks and hence the only 
non-zero elements are on the main diagonals, which are equal to the emergency rate 6. 
Partition T,, describes the series of deliveries. Each delivery increases the amount in stocks 
by one unit (i.e. the equivalent of one month of ordinary consumption). Since the delivery 
rate is (T, the elements above the main diagonal are 
T(,?-‘)Q=a,, Q=1,2 ,..., S. 
Partition T,, describes the transition from an emergency to a peaceful state. Its main 
diagonal elements, the rates tl, are the transition rates from an emergency to a peaceful state 
and its other elements are zero. 
Partition T2? describes the release of the product from storage during an emergency. The 
rate of release is determined by the consumption rate, D. The corresponding transition rates 
are the elements under the main diagonal of the partition: 
T$$-“=D, Q=l,l,..., S-l. 
The diagonal elements of the matrix T are defined as follows3: 
@= - 1 T$ i=O,l,2; Q=O,l,..., S. 
RfO 
j+i 
For matrix T in Fig. 1 they have the following form: 
ng= -(E+o,), Q=O,l,..., S-l 9 -6 > Q=s 
ng= -(~+a,), Q=O,l,,.., S-l 2 
--t 9 Q=S 
(1) 
(2) 
Consider the state probabilities p?(t) that the system is in state (g) at the time t. 
The dynamics of the system is then described by the Chapman-Kolmogorov differential 
equations4 
At) = ~T;Qp;(t), 
i, R 
or in the matrix form: 
where 
At) =p(t)T 
p(t)=pg(t), i =O, 1,2, Q =O, 1,. . . , S. 
(3) 
Given the initial state distribution p?(O), (3) can be solved in order to obtain a complete 
probabilistic description of the system’s history, given by the initial state probabilities p?(O). 
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The definition of the states of the system and the transition rates implies that the Markov 
process does not have trapping or periodic states and hence the system of differential 
equations (3) has a steady-state solution’: 
Pf)=limp$(t), i=O,l,2; Q=O,l,..., S. 
,+30 
Thus in the long run the state distributions are time-independent. The limiting state 
probabilities pf) actually define the relative amount of time that the system spends at each 
state. 
The reliability of the emergency stock system can now be defined. pi is the probability that 
in a state of emergency (i = 2) the stocks are exhausted (Q = 0). This probability thus defines 
the level of the system’s insecurity. The reliability of the system is the probability of the 
complement to this event, i.e., the probability that there will be no state of emergency during 
which the stocks are exhausted. This reliability is given by (1 -pt). 
The steady-state probabilities are solved from (3) by setting the vector of the time 
derivatives, d equal zero. Equation (3) then becomes a system of 
equations6. 
pT=O. 
The limiting state probabilities must sum up in this case to unity’: 
cP!=l, i=O,l,2; Q=O,l,..., S. 
linear homogeneous 
(4) 
(5) 
i, Q 
Combining the latter equation with (4) yields a well defined system of linear equations with 
a unique solution. Applying the definitions (2) of the diagonal elements of T, (4) can be 
written in an expanded form: 
Q=l,2 ,..., S-l. (6) 
cpp&+cp$?-(cr +D)pp+Dpf+‘=o 
Q =c;. (64 
Q = S. (6b) 
This is a system of difference equations with respect to the discrete variable Q. Equations 
(6) are the difference equations for Q = 1,2, . . . , S - 1, whereas (6a) and (6b) specify the 
boundary conditions. The solution of (6), (6a) and (6b) together with the condition (5) allows 
p ff, pp, ps) to be expressed as functions of the amount in stocks Q, the target stock size S 
and the system’s parameters t, ~1, cro, 6, and D. The solution is derived in Appendix A. 
2. THE RELIABILITY OF THE SYSTEM 
The objective of the stock authorities is to maximize the reliability of the system or, 
equivalently, minimizing its insecurity p t. From (AlOb) in Appendix A, this probability can 
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be expressed as: 
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R, - & 
pi = ra R& _ R, (7) 
where 
&3?-. 
Dt+a,’ 
R,=E. 
6 + 01’ 
p=l+R,-R,, and rO=L 
c+C?’ 
r, determines the insecurity level when there are no stocks. In most practical cases a state of 
emergency is not likely to occur very frequently and the value of 6 would be very small 
compared to the rates o0 and cL to the extent that it can be ignored in the expressions for 
R, and R,. If this is the case, 
RI=;, R2=I. 
fJ1 
The ratio Djcr which expresses the expected amount of commodity demanded during the 
entire state of emergency will also be quite small8 and for most practical cases we can 
assume that R, > R,. In that case, p > 1, and under this assumption (7) has been derived in 
Appendix A. 
In the analysis that follows this condition is assumed to hold. 
Rewrite (7) in the form 
l-5 
p;=r,-- 
PS-< 
where 5 =2. (9) 
I 
Differentiation of p; with respect to the target stock size then yields: 
8Pi 
S 
-= 
as 
- ro( 1 - 5 (lnp) 
(P”: n* 
(104 
and 
ax -==ro(l-5)(ln~)2(psP_5)1 P as * ( “+O 
The first derivative is obviously negative since S > 0 and 5 < 1. This confirms the 
intuitively expected result that the system’s insecurity decreases as the target stock size 
increases. The second derivative is positive since p > 1 and 5 < 1. This means that the 
contribution of additional units of stocks to the system’s reliability becomes maller at larger 
values of S or, in other words, that the marginal productivity of storage is decreasing. 
Notice that the reliability of the system increases with decreases in the consumption rate 
D. This suggests that rationing can offer an alternative but also a complement o emergency 
stocks as a policy instrument to achieve the desired reliability. 
3. THE COSTS OF OPERATING THE EMERGENCY STOCK SYSTEM 
Let df! be the expected costs per unit of time when the system is in state (s) and let dff 
be expected transition costs from state (‘$) to (7)‘. de are the total storage cost rates which 
include handling, storing charges, and depreciation. The storage costs per unit are assumed 
to be constant and therefore d$ = cQ where c denotes the per unit costs. 
The costs for storage authorities include payments for purchasing the product as well as 
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loading and transportation costs. The costs for the first shipment rc,, include also the 
post-emergency reorganization expenses. These costs may be substantially higher than the 
costs for the subsequent shipments, rc,. 
The transition costs for the first shipment are thus given by 
d$?,CQ + 1) = 
Tc,, Q=O,l,..., S-l 
0 > Q=S 
2 
and for the subsequent shipments they are given by 
dQ@ + 1) = 
x1, Q=O, l,..., S-l 
II 
0 3 Q=S 
During an emergency situation the commodity is sold to consumers. Let 7tC be the selling 
price. The transition costs during a state of emergency are given by 
d%Q-1) = 
- n,, Q = 1,2, . . . , S 
0, Q=O ’ 
The minus sign indicates that these are revenues of the storage authorities. If the system starts 
at state (g), the expected total costs accumulated up to time t are asymptotically a linear 
function of time” and given by 
v-$(t) = gt + UT. (11) 
v$? are constants representing the transient components of the total costs that become 
negligible when the system operates for a very long time (i.e., as t -+a). Thus, in the long 
run the total costs are approximately proportional to t so that, 
The coefficient g represents the long-run approximation of the expected monthly average 
costs. For the type of Markov process under consideration g has the same value for all initial 
states and can be calculated from the following expression: 
g = ~Pf)& 
i,Q 
(12) 
where qf! are the expected immediate transition cost rates which have the following general 
form”: 
qf)=dq+ ;, Tpdy. 
RZQ 
The definition of state costs de and transition costs dp yields 
S-l fori=Oand l;and 
(134 
44= 
0 , Q=O 
CQ-rc$, Q=1,2 ,..., S. U3b) 
458 D. BIGMAN AND I. WEKSLER 
Given these expressions and the limiting state probabilities pf) derived in Appendix A, the 
monthly operating costs g, can be calculated from (12). 
The form of qf in (13) implies that the average operating costs can be expressed as a sum 
of two elements, that is, 
g =go+cg,, (14) 
where g, represents the expected costs of purchasing the product during the peaceful state 
net of the expected revenues from selling the product during a state of emergency. go thus 
represents the financial costs of the storage authority. cg, represents the costs of maintaining 
the product in storage. The calculation of g, and g,, carried out in Appendix B, assumes for 
simplicity, that rr,, = 71,. It shows that g, is a linear function of the system’s insecurity, given 
by 
go = D (no - %xro - P20). (‘5) 
In other words, the expected costs of purchasing and selling operations, that is, the financial 
costs of the storage authority, are proportional to the net difference between the purchasing 
price and the selling price weighted by the gain in reliability due to the stock holding. The 
storage costs are, however, far more significant. g, is derived in Appendix B and expressed 
in the following form. 
where 
and r,, R,, R,, and 5 were defined in (7) and (9). In the analysis that follows it is convenient 
to express g, in terms of the ratio w = p’j/r, which represents the improvement in the reliability 
of the system as a result of the stock holdings, and, by definition 0 s w I 1. The expression 
of g, in terms of o is developed in Appendix B and given by 
g’=l-5 lnp 
l._‘o(~+~)~n(~+T)+rO~(W-l)- (16a) 
Differentiating g, with respect to o therefore yields 
ag, 1 
Z-l-( -_lnp[<ln($++<)-q]+ro&. (17) 
Under the assumption that p > 1, or, equivalently, that < < 1, (ag,/ao) would be a 
monotonously increasing function of o, since the difference on the right-hand side of the 
inequality is negative and its magnitude increases as o decreases; the rightmost component 
of (17) is independent of w. 
When o = 1, that is, when pi = r, which means that no stocks are held, the derivative 
8g,/& obtains its maximum which would be given by 
ag, 4 
am o=l 
=-l+r 
‘n P OR,- 
(18) 
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Substituting the expressions for R, and R, yields the following presentation of R,, 
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R, = k - (R, - RJ . t. (19) 
Substituting (19) into (18) and applying the equality p - 1 = R, - R, yields 
ag, 1 1 D 
am / -ilj +pmr02 
but since In p < (p - 1) it can be concluded that 
ag, 
am _, <O forp>l, 
and hence, for p > 1, 
ag, --<O forallO<oIl. 
am 
This implies that average operating costs, g, grow at an increasing rate when the reliability 
of the system is increased. This conclusion of increasing marginal costs of the storage 
operation is the dual of the earlier results of the decreasing marginal productivity. 
CONCLUSIONS 
The analytical framework developed in this study describes a decision-making process 
about emergency stocks as a dynamic system operating under uncertainty. 
The dynamic behavior of the system is assumed to be represented by a Markov process. 
In the present model, there are two strategic states: peaceful and emergency. During a 
peaceful state production or imports are not restricted by any outside constraints and the 
product can flow to consumers without any disturbances. During a state of emergency, the 
regular sources of supply are blocked and the emergency stocks remain the only sourcel’. 
The main conclusions emerging from the analysis are as follows: 
As expected, the reliability of the system would increase with increases in the stock size. 
However, the contribution of additional units of stocks to the level of reliability would 
become smaller at the large stock capacities. This manifests the diminishing marginal 
“productivity” of stocks which results also in increasing marginal costs. 
Consumption rationing may be an effective additional policy variable, and lowering the 
consumption rate would lead to a significant reduction in costs. 
APPENDIX A 
Limiting state probabilities 
Before solving the system (6), note that pf can be expressed in terms of pf for 
Q=O,l,... , S, and thus excluded from the equations. The equations (6) can thus be 
reduced to 
64.1) 
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where 
and 
ri,=u+D, 
Q=1,2 ,..., S-l. 
(Al) is a system of linear difference equations. To solve it, use the operator method (see [4]). 
Rewriting (Al) in operator form and performing some obvious transformation (Al) can 
be reduced to the form: 
642) 
where E is the forward shift operator and the variable Q is dropped to simplify the writing. 
The characteristic roots of the system (A2) are obtained by equating the determinant of 
(A2) to zero and solving the resulting equation for z which is substituted instead of E. The 
characteristic equation has the following form: 
z=-Fz+G=O, (A3) 
where 
and 
Substituting the expressions of I,, &, 1, yields 
ci+D F=a,_?.z+_ 
t + 01 D t+a, D 
and 
G=T.L. 00 - 01 -+ a,(~ + D) 
D ~+a, E+C, D(t + a,) ’ 
The expressions of F and G can be reduced to the form: 
F=l+?.a,+a, 
D ~+q, ~+a, 
and (A4) 
G=Ea,+o,. 
Dc+a, ~+a, 
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The solutions of (A3) can now be obtained: 
z, = 1, 
a 00 01 .- 
z2=D c+a, 
+- 
c+fl,' 
The solution of (Al) can thus be written in the following form: 
py=c( .L .A+ 
D 
E t+cr, 
-BpQ 
t + 61 
p$=A+Bp” 
Q=l,2,...,S-1 
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(‘46) 
where 
P = z2, 
and A and B are arbitrary constants which are defined from the boundary conditions (6a), 
(6b) and the condition (5). 
From (6a) follows that py = 0, hence 
and 
Using the expression for pt from (A6) yields 
zpy=s.T.A +Dp .B. 
In a similar way we obtain: 
;-&p;=p;=AfBp. 
0 
From the latter expression, the following equality can be derived: 
This equality holds in one of two cases only: 
either 
A =0 
or 
C! 60 t _.- =- 
D .~+a, ~+a’ 
The latter is equivalent to p = 1. 
AssumeI that p # 1, then the conclusion is that A = 0 and the solution (A6) holds. (A6) 
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pg=*DpQ 
6 + a1 
PP = BpQ 
, Q=1,2 ,..., S-l. (A7) 
Using the boundary conditions (6a), (6b) the value of the limiting probabilities for 
Q = 0 and Q = S can be calculated: 
py = 0 
p’+Bi .?!+p 
a0 
(A74 
where pi and pi are derived by using the expression ofpz in terms of pi for Q = 0, 1, . . . , S. 
The expression for B can now be derived by using the condition (5) 
c(Pfi+P?+Pcf)= 1. 
Q 
After some algebraic manipulations B is obtained in the following: 
B = r. . 
RI P-l 
R,pS - R, ’ p ’ 
where 
R,=F .A!?-, 
D t+a, 
R, = L 
E + ao’ 
Noting that 
p=l+R,-R 23 
one can obtain 
B = ro. 
&CR, -RR,+ 
R,.pS- R, ’ 
649) 
W) 
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Substituting B in (A7) and (A7a) the limiting state probabilities can be obtained in the form 
MR, - &I _ 
R,pS - R, 
PQ ’ 
D 
pp=-. 
t + 0, 
P!= 
: 
PY = 0, 
i P: = 
i 
p;=c1. 
t 
R’(R’ - Rz)pQ-l, 
r”’ R,pS- R, 
Q = 1 
9 
2 
,..., S-l 
&CR, - &I _ 
r”’ R,pS- R, PQ ’ 
R, - R2 
” ’ R,pS - R, 
Q=O 
R,R, 
r0 ’ R,pS - R, 
R,(R, - RJ 
r”. R,pS-RR, ” 
s,, 
pg2!?_. R, -& 
t E+q, r” ’R,pS - R, ‘P 
s-‘, Q = S 
P:= 
MR, - &I 
r”’ R,pS- R, ‘P 
s_, 
(AlOa) 
(AlOb) 
(AlOc) 
APPENDIX B 
Expected average costs of operating the system 
Calculation of go. Substituting (3.13) in (3.12) yields 
S-l S-l 
go=~oaOQ~oP%+~,a,Q~,PP-~~ i PP. 
Q=l 
Substitution of the expressions for limiting state probabilities (AlO) yields 
go = R,P: 
K 
~0. ~+IT,$$~~~~-~-~~D~,P~-~]+~o~P:~ 
Assume that no = TC, = TC,,. Substituting R, and R, where appropriate in the latter expression 
yieldsI 
S-l- 1 
p _ 1 (1 + R, - Rz) 1 - JLBP;R, 5, (Bl) 
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where 
and 
Noting that (AlOc) yields 
P 
S-l- 1 S-l 
P-l 
ps-1 ro -Pi -= 
P - 1 RIPi ’ 032) 
(B2) can be reduced to the form: 
go=D .(%-%).G-o-P3. (B3) 
From (12) and (13) we obtain: 
g1= Qi, ecpg +PP +fd). (B4) 
Expressing the probabilities pf, Py,pf (Q = 0, 1, . . . , S) in terms of pt from (AlOa), (AlOc) 
and substituting in (B4) yields: 
&!I =P;; R, ‘f’ QpQ + R,SpS , 
Q=l > 
where 
and 
The sum in the expression (B5) can be reduced to the form: 
S-l 
1 Qp”=fi 
Q=l 
Sp’-l-s). 
(B5) 
(W 
Substituting (B6) into (B5) and using (A2) transforms (A5) into the following expression: 
gl ‘Pi! 
R, 
P(P - 1) 
[R, + R,(p - l)ISp’- PR, 3 , 
I 
(B7) 
where 
Noting that 
Planning stocks for emergency situations 465 
(B7) can be reduced to the form 
where 
Pi 
w=-. 
r0 
From (AlOb) follows: 
and 
where 
s=&.ln[l+(t--1)(1-t)], 
Thus, finally, (B8) can be transformed into the expression 
1 
g’= 1-t dnp 
2-.++(;-1)(14)~ 
or, in terms of the system’s insecurity, pi: 
I tn 
1 
en 
L 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
NOTES 
- 5) 
-5) 
1 
1 
-ro&(l -0) 
I 2 
(B9) 
-I 
-$&-(ro-p2 
I 2 
@lOI 
This is a simplifying assumption that can be easily relaxed to allow for only a “partial” restriction. 
The Markov process under consideration is assumed to be homogeneous, i.e. the parameters are independent 
of time. Under this assumption the interval of time between two successive transitions is distributed 
exponentially. See Howard, 1971, pp. 771-772. 
See Howard, 1971, p. 775 or 1960, p. 93. 
See Howard, 1971, pp. 776777; or 1960, p. 93. 
See Howard, 1971, Ch. 12; and 1960, Ch. 8 for details. 
Note that since the row sums of the matrix T are zero by definition of the diagonal elements, T is singular. 
See Howard, 1971, p. 777; and 1960, p. 99. 
In a simulation analysis of this model (not presented here) we have assumed c = O.O083/month, a = OS/month, 
D = 2/month, CT~ = 0.3333/month, and Q, = lo/month. For these data R, = 0.2433, R, = 0.0008. 
In defining the cost structure we follow the general scheme put forward by Howard, 1971, Ch. 13; and 1960, 
p. 99. 
See Howard, 1971, pp. 864 and 867; and 1960, p. 103. 
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11. See Howard, 1960, p. 100. 
12. In our later work we have also considered the case of several strategic states in which the system can step up 
its preparedness as the strategic state becomes more severe, but an inflow of supply is still possible. 
13. In case p = 1 there is a multiple characteristic root and the solution (A6) does not hold. 
14. We assume throughout the discussion that p #‘l. 
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